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Let V = V1 ⊕ V2 be a ﬁnite-dimensional vector space over an
inﬁnite locally-ﬁnite ﬁeld F . Then V admits the torus action of
G = F • by deﬁning (v1 ⊕ v2)g = v1g−1 ⊕ v2g. If K is a ﬁeld of
characteristic different from that of F , then G acts on the group
algebra K [V ] and it is an interesting problem to determine all G-
stable ideals of this algebra. In this paper, we show that, for almost
all ﬁelds F , the G-stable ideals are uniquely writable as ﬁnite
irredundant intersections of augmentation ideals of subspaces
W1 ⊕ W2, with W1 ⊆ V1 and W2 ⊆ V2. As a consequence, the
set of all G-stable ideals is Noetherian.
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1. Introduction
Let K be a ﬁeld, let V be an abelian group, and let G be a group of automorphisms of V . Then G
acts on the group algebra K [V ] and it is an interesting, and surprisingly diﬃcult, problem to describe
the G-stable ideals of K [V ]. The motivation for this actually comes from the study of the lattice of
ideals in group algebras of certain inﬁnite locally ﬁnite groups. This can be seen, for example, in the
survey [4] or in the introduction to paper [6], but we will not expand upon this theme here. A natural
special case of the problem occurs when V is a vector space over an inﬁnite ﬁeld F and when G = F •
acts on V by scalar multiplication. This turns out to have a rather beautiful solution [1,6,2], especially
when V is ﬁnite-dimensional. Indeed, one can even allow F to be a division algebra.
The next case of interest surely arises by introducing inverses from F . Speciﬁcally, let V1 and V2
be two vector spaces over F , form V = V1⊕V2, and let G = F • act on V by (v1⊕ v2)g = v1g−1⊕ v2g .
We call this the torus action of F by analogy to the way the torus in SL2(F ) acts on F 2. The goal of
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V is a ﬁnite-dimensional F -vector space. The argument here is a continuation of the proof given in
paper [5], where the special case of dimF V1 = 1= dimF V2 was considered.
Unfortunately, in this paper, we require an additional assumption on F , namely that of wideness.
Speciﬁcally, let GF(p) denote the algebraic closure of GF(p) and let GF(p) ⊆ F ⊆ GF(p). We note that
the minimal (nonprime) subﬁelds of GF(p) are precisely the ﬁelds GF(pr), where r > 1 is prime, and
we say that F is wide if it contains inﬁnitely many of these minimal subﬁelds. Otherwise, of course,
F is narrow. Now it is clear that GF(p) has uncountably many subﬁelds, but only countably many of
these are narrow. Thus the wide subﬁelds account for almost all of the subﬁelds of GF(p). At present,
we do not know whether the wideness assumption is necessary for the theorem or just for the proof
we offer here.
Now let V be an abelian group, viewed multiplicatively, and let K [V ] denote its group algebra
over the ﬁeld K . If A is a subgroup of V , then there exists a natural epimorphism K [V ] → K [V /A]
and we let ω(A; V ) = ωK (A; V ), the augmentation ideal of A in V , denote its kernel. Thus, ω(A; V ) is
the K -linear span of all elements of the form (1− a)v with a ∈ A and v ∈ V , and clearly
A = {v ∈ V ∣∣ 1− v ∈ ω(A; V )}.
Observe that if A and B are subgroups of V and if C = 〈A, B〉 is the group they generate, then
ω(A; V ) + ω(B; V ) = ω(C; V ). Indeed, if I denotes the ideal ω(A; V ) + ω(B; V ), then surely I ⊆
ω(C; V ). On the other hand, both A and B are contained in the kernel of the homomorphism
K [V ] → K [V ]/I restricted to the group V , and hence C is also contained in this kernel. Now, if G
is a group that acts as automorphisms on V , then G also acts on K [V ], and it is clear that A is a
G-stable subgroup of V if and only if ω(A; V ) is a G-stable ideal of K [V ].
We now return to additive notation for V . The main result of this paper is
Theorem 1.1. Let F be an inﬁnite locally-ﬁnite ﬁeld, let V1 and V2 be two ﬁnite-dimensional F -vector spaces,
and set V = V1⊕ V2 . If G = F • , then we can let G act as the torus on V , and hence G acts on the group algebra
K [V ]. Suppose, in addition, that char K = char F and that F is wide. Then every G-stable ideal of K [V ] is
uniquely a ﬁnite irredundant intersection of augmentation ideals ω(W1 ⊕ W2; V ) with W1 an F -subspace
of V1 and W2 an F -subspace of V2 . As a consequence, the set of G-stable ideals of K [V ] is Noetherian.
Note that, if V is a torsion abelian group having no elements of order equal to the characteristic
of K , then K [V ] is a commutative von Neumann regular algebra (see [3, Theorem 1.1.5]). It follows
that if I, J 	 K [V ], then I ∩ J = I J . In particular, ﬁnite products and ﬁnite intersections of ideals
coincide here. Furthermore, every ideal of K [V ] is semiprime.
We remark that the G-stable subgroups of V = V1 ⊕ V2 were described in [5, Lemma 1.2]. Specif-
ically, we have
Lemma 1.2. Let F be a ﬁeld that is not necessarily locally ﬁnite and assume that |F | 5. If V = V1 ⊕ V2 is an
F -vector space admitting the torus action of G = F • , then the G-stable subgroups of V are precisely those of
the form W1 ⊕ W2 , where W1 is an F -subspace of V1 and W2 is an F -subspace of V2 .
2. Functionals
For the most part, we will be concerned here with ﬁnite ﬁelds E ⊇ F and with the space Ê of F -
linear functionals λ : E → F . These functionals are related to each other by the following well-known
Lemma 2.1. Let E ⊇ F be ﬁelds with |E : F | < ∞ and let λ : E → F be a nonzero F -linear functional. Then
every F -linear functional from E to F is uniquely of the form λa for a ∈ E, where λa(x) = λ(ax).
Proof. The map a → λa is easily seen to be an F -linear transformation from E to Ê , and since E is a
ﬁeld, this map is one-to-one. By dimension considerations, the map is therefore also onto. 
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Galois trace. Speciﬁcally, if |F | = q and |E : F | = n, then this trace is given by
trE/F (x) =
n−1∑
i=0
xq
i
.
This is a particularly convenient functional since, for E ⊇ L ⊇ F , we have
trE/F = trL/F ◦ trE/L .
Note that some of the arguments in [5] use functionals λ with λ(1) = 1. So, if we want to be able to
quote these results and still use Galois traces, then we have to avoid extensions E ⊇ F with degree
|E : F | = n divisible by the characteristic of the ﬁeld. If we do this, then we can deﬁne the normalized
trace tr by
trE/F (x) = 1
n
· trE/F (x) = 1
n
·
n−1∑
i=0
xq
i
.
Since the degree is multiplicative, we also have
trE/F = trL/F ◦ trE/L
when E ⊇ L ⊇ F .
We remark that a version of this transitivity holds for any linear functional. Indeed, we have
Lemma 2.2. Let E ⊇ L ⊇ F be ﬁelds with |E : F | < ∞ and let λ : E → F and η : L → F be F -linear functionals
with η = 0. Then there exists an L-linear functional μ : E → L such that λ = η ◦ μ.
Proof. If μ : E → L is any nonzero L-linear functional, then λ = η ◦μ is a nonzero F -linear functional
λ : E → F . Therefore the previous lemma implies that λ = λa for some a ∈ E . Since λ(x) = λa(x) =
η(μ(ax)) = η(μa(x)), we conclude that λ = λa = η ◦ μa , as required. 
For the remainder of this section, we consider only ﬁnite ﬁelds. The content of the next lemma is
really contained in part (iii), since the ﬁrst two parts are essentially obvious.
Lemma 2.3. Let |E : F | 3, and let λ : E → F be a nonzero F -linear functional. If 0 = a, b ∈ E, then
(i) {x ∈ E | λ(ax) = 0} has size |E|/|F |.
(ii) {x ∈ E | λ(ax) = λ(bx) = 0} has size |E|/|F |2 if ba−1 /∈ F .
(iii) {x ∈ E• | λ(ax) = λ(bx−1) = 0} has size < 2·|E|/|F |2 .
Proof. For convenience, write |F | = q and |E : F | = n  3, so that |E| = qn . Set V = kerλ. Then V is
an F -subspace of E of codimension 1, and λ(ax) = 0 if and only if x ∈ a−1V . Thus (i) follows since
|a−1V | = |V | = qn−1 = |E|/|F |.
For (ii), note that λ(ax) = λ(bx) = 0 if and only if x ∈ a−1V ∩ b−1V , where the latter is an inter-
section of two subspaces of codimension 1. If a−1V = b−1V , then (ba−1)V = V and V is a vector
space over the intermediate ﬁeld L = F [ba−1] ⊆ E . But then E/V is also a vector space over L,
and since E/V is 1-dimensional over F , we must have L = F and ba−1 ∈ F . In other words, if
ba−1 /∈ F , then a−1V = b−1V , so a−1V ∩ b−1V is an F subspace of E of codimension 2, and hence
|a−1V ∩ b−1V | = qn−2 = |E|/|F |2.
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then we obtain the same problem, but with different nonzero parameters a and b. Thus it suﬃces to
assume here that λ : E → F is the Galois trace. In particular, if λ(ax) = 0, then
(ax) + (ax)q + · · · + (ax)qn−2 + (ax)qn−1 = 0
and solving for xq
n−1
, we see that xq
n−1 = fa(x), where fa(x) is a polynomial in x, depending upon a,
and having degree precisely qn−2.
Next, if λ(bx−1) = 0, then
(
bx−1
)+ (bx−1)q + · · · + (bx−1)qn−2 + (bx−1)qn−1 = 0,
and multiplying by xq
n−1+qn−2 yields
0= bqn−1xqn−2 + xqn−1
n−2∑
i=0
bq
i
xq
n−2−qi = bqn−1xqn−2 + xqn−1 gb(x),
where gb(x) is a polynomial in x, depending upon b, and having degree precisely qn−2 −1 q−1 1.
In other words, n 3 implies that deg gb(x) > 0.
In particular, if λ(ax) = 0 and λ(bx−1) = 0, then
0= bqn−1xqn−2 + xqn−1 gb(x) = bqn−1xqn−2 + fa(x)gb(x) = ha,b(x),
where ha,b(x) is a polynomial in x, depending upon a and b, and having degree precisely qn−2 +
qn−2 − 1= 2qn−2 − 1 > qn−2. Of course, the polynomial ha,b(x) has at most 2qn−2 − 1 roots in E . 
Part (iii) above is not true in general when |E : F | = 2 and the proof fails because the ﬁrst term in
ha,b(x) can cancel with the product polynomial fa(x)gb(x) to force ha,b(x) to be identically 0. Indeed,
this occurs, for example, when a = b = 1. We conclude this section with the following rather technical
consequences of the previous lemma.
Lemma 2.4. Let E ⊇ L ⊇ F be ﬁnite ﬁelds and let λ : E → L be a nonzero L-linear functional. Let a,b ∈ E and
A, B ⊆ E. Assume that
(i) 0 = A is an F -subspace of E of dimension  r, and a /∈ A.
(ii) B is an F -subspace of E of dimension  s, and b /∈ B.
(iii) |E : L| 3 and |L : F | r + s + 2.
If a /∈ LA, then there exists x ∈ E• such that λ(ax) /∈ λ(Ax), λ(bx−1) /∈ λ(Bx−1), and dimF λ(Ax) < dimF A.
Proof. Choose 0 = α0 ∈ A and let U = U (α0) = {x ∈ E | λ(α0x) = 0}. Then the previous lemma implies
that |U (α0)| = |E|/|L|. Next, for each α ∈ A, let V (α) = {x ∈ E | λ(α0x) = λ((a−α)x) = 0}. Since a /∈ LA,
we have (a − α)/α0 /∈ L and hence, by the previous lemma again, |V (α)| = |E|/|L|2. Finally, for each
β ∈ B , let W (β) = {x ∈ E• | λ(α0x) = λ((b−β)x−1) = 0}. Since b /∈ B , we have b−β = 0, so Lemma 2.3
and |E : L| 3 imply that |W (β)| < 2|E|/|L|2.
Now set V =⋃α∈A V (α) and W =⋃β∈B W (β). Then, by deﬁnition, V ,W ⊆ U and our next goal
is to show that U > V ∪W . For this, note that |U | = |E|/|L|, |V | |A|·|E|/|L|2 and |W | < 2|B|·|E|/|L|2.
Thus, it suﬃces to verify the leftmost inequality in
|U | = |E|  |A|· |E|
2
+ 2|B|· |E|
2
> |V | + |W | |V ∪ W |.|L| |L| |L|
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|L| |A| + 2|B|.
Let us write |F | = q. Then using dimF A  r, we have |A| qr , and similarly |B| qs . In particular, if
|L : F | =m, then we need to show that
qm  qr + 2qs,
and certainly the assumption m r + s + 2 suﬃces for this because of (qr+1 − 1)(qs+1 − 1) 1.
We can now choose x ∈ U \ (V ∪ W ) ⊆ E , and notice that x ∈ U implies that λ(α0x) = 0. Since the
map A → λ(xA) given by α → λ(xα) is an F -linear transformation and since 0 = α0 is in its kernel,
we conclude that dimF A > dimF λ(xA). Next, since x /∈ V , we see that λ((a − α)x) = 0 for all α ∈ A
and hence λ(ax) /∈ λ(Ax). In particular, x = 0. Finally, since x /∈ W , we have λ((b − β)x−1) = 0 for all
β ∈ B , and hence λ(bx−1) /∈ λ(Bx−1). 
The previous result is essentially symmetric in A and B . Speciﬁcally, if we interchange the a- and
b-terms and replace x by x−1, then we obtain
Lemma 2.5. Let E ⊇ L ⊇ F be ﬁnite ﬁelds and let λ : E → L be a nonzero L-linear functional. Let a,b ∈ E and
A, B ⊆ E. Assume that
(i) A is an F -subspace of E of dimension  r, and a /∈ A.
(ii) 0 = B is an F -subspace of E of dimension  s, and b /∈ B.
(iii) |E : L| 3 and |L : F | r + s + 2.
If b /∈ LB, then there exists x ∈ E• such that λ(ax) /∈ λ(Ax), λ(bx−1) /∈ λ(Bx−1), and dimF λ(Bx−1) < dimF B.
In some sense, the weakness of the above two results is the additional hypothesis that a /∈ LA
or that b /∈ LB . We overcome this diﬃculty in the next section by introducing a special type of ﬁeld
extension E/F .
3. Square-free extensions
In this section, we consider only ﬁnite ﬁelds. If E ⊇ F are two such ﬁelds, we say that the extension
E/F is square-free if the degree |E : F | = n is a square-free number, that is a product of distinct primes.
In this case, we let w(E/F ), the width of the extension, denote the number of prime factors of n. It
is clear that this width measures the number of intermediate ﬁelds that are minimal over F and also
the number of intermediate ﬁelds that are maximal in E . Furthermore,
|E : F | 2w(E/F )  w(E/F ) + 1.
If E/F is square-free and if L is an intermediate ﬁeld, then the multiplicative nature of the degree
implies that E/L and L/F are both square-free. In addition, we have w(E/L) + w(L/F ) = w(E/F ).
Square-free extensions E/F with E = F have the semisimple-like property that F is the intersection
of all maximal intermediate ﬁelds. We use this simple observation to prove
Lemma 3.1. Suppose E/F is a square-free extension, let α0,α1, . . . ,αm ∈ E, and assume that these ele-
ments are linearly independent over F . Then there exists an intermediate ﬁeld L with w(E/L) m and with
α0,α1, . . . ,αm linearly independent over L.
Proof. We proceed by induction on m. If m = 0, then α0 = 0, so α0 is independent over E . Hence,
we can take L = E and note that w(E/L) = 0. Now let m  1. Then by induction, there exists an
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α0,α1, . . . ,αm are linearly independent over C , we take L = C and we are done. If not, we can write
α0 = c1α1 + c2α2 + · · · + cmαm (†)
for suitable ci ∈ C . Indeed, since α1,α2, . . . ,αm are linearly independent over C , this is the unique
linear expression for α0 in terms of the other αi ’s and having coeﬃcients in C .
By assumption, α0,α1, . . . ,αm are linearly independent over F . Thus we cannot have all ci in F .
Say c1 ∈ C \ F . Then, since C/F is square-free, the semisimplicity property implies that there exists
a maximal intermediate ﬁeld L with C > L ⊇ F and with c1 /∈ L. Obviously, α1,α2, . . . ,αm are lin-
early independent over L since L ⊆ C . Furthermore, we cannot write α0 as an L-linear combination
of α1,α2, . . . ,αm since (†) is the unique such description with coeﬃcients in C , and since L ⊆ C . Thus
α0,α1, . . . ,αm are L-linearly independent. Finally, we have w(C/L) = 1 and w(E/C) m − 1, so we
conclude that w(E/L) (m − 1) + 1 =m, and the result follows. 
An interesting consequence is the following generalization.
Lemma 3.2. Suppose E/F is a square-free ﬁeld extension, let a0,a1, . . . ,ar be elements of E, and assume that
we are given an F -linear functional μ : E → F . Then there exists an intermediate ﬁeld L with w(E/L) r and
an L-linear functional λ : E → L such that λ(ai) = μ(ai) for all i.
Proof. If μ(ai) = 0 for all i, take L = E and let λ : E → E be the zero map. We can now assume
that some μ(ai) is not zero, say μ(a0) = 0. Furthermore, by multiplying by a nonzero scalar in F if
necessary, it clearly suﬃces to assume that μ(a0) = 1. Hence μ(vi) = 0 where vi = ai −μ(ai)a0. Since
v0 = 0, the F -vector space V spanned by all vi has dimension at most r, so we can let α1,α2, . . . ,αm
be an F -basis for V with m  r. Note that μ(V ) = 0 but μ(a0) = 1, so α0,α1, . . . ,αm is F -linearly
independent, where we set α0 = a0.
The preceding lemma now implies that there exists an intermediate ﬁeld L with w(E/L)m  r
such that the elements α0,α1, . . . ,αm are L-linearly independent. In particular, we can assign val-
ues for an L-linear functional in an arbitrary manner on this independent set. In other words, there
exists λ : E → L such that λ(α0) = 1 and λ(αi) = 0 for all i > 0. It follows that λ(V ) = 0 and that
λ(a0) = λ(α0) = 1. Finally, for all i  0, we have 0 = λ(vi) = λ(ai − μ(ai)a0) = λ(ai) − μ(ai)λ(a0) =
λ(ai) − μ(ai), as required. 
We now combine the ideas here with Lemmas 2.4 and 2.5 to prove
Lemma 3.3. Let E ⊇ F be ﬁnite ﬁelds with E/F a square-free extension of width w(E/F ) (r + s + 1)2 , for
suitable integers r, s  0. Let a,b ∈ E and let A, B ⊆ E, where A and B are F -subspaces of E. Assume that
dimF A  r, dimF B  s, a /∈ A and b /∈ B. If 0  t  r + s, then there exists an intermediate ﬁeld L and an
element x ∈ E• such that
(i) w(E/L) (r + s + 1)t.
(ii) trE/L(ax) /∈ trE/L(Ax).
(iii) trE/L(bx−1) /∈ trE/L(Bx−1).
(iv) dimF trE/L(Ax) + dimF trE/L(Bx−1) r + s − t.
Proof. We proceed by induction on t , from t = 0 to t = r + s. If t = 0, we can of course take E = L
and x = 1.
Now let use assume the result holds for some t < r + s, and let L and x be the solutions for this t .
For convenience, write η = trE/L . Then w(E/L) (r + s + 1)t , so L/F is a square-free extension with
w(L/F ) (r + s + 1)(r + s + 1 − t) 2. Also, if a = η(ax), b = η(bx−1), A = η(Ax) and B = η(Bx−1),
then we know that a /∈ A, b /∈ B , dimF A  dimF A  r, dimF B  dimF B  s, and
dimF A + dimF B  r + s − t.
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and x for the solution to the t + 1 case. Thus, it suﬃces to assume that at least one of A or B is not
0. By symmetry, say A = 0.
Let α1,α2, . . . ,αk be an F -basis for A, so that 1 k r. Since a /∈ A, we see that a,α1,α2, . . . ,αk
are F -linearly independent elements of L. Thus, by Lemma 3.1, there exists an intermediate ﬁeld L0,
with w(L/L0)  k  r and with a,α1,α2, . . . ,αk linearly independent over L0. Of course, these ele-
ments are also linearly independent over any subﬁeld of L0, so since w(L/F ) 2, we can assume that
r + s + 1 w(L/L0) 2. In particular, |L : L0| 3. Note that the linear independence over L0 implies
that a /∈ L0A.
Now clearly
w(E/L0) = w(E/L) + w(L/L0) (r + s + 1)t + (r + s + 1) = (r + s + 1)(t + 1).
In particular, since w(E/F ) (r + s + 1)2, we have
w(L0/F ) = w(E/F ) − w(E/L0) (r + s + 1)2 − (r + s + 1)(t + 1)
= (r + s + 1)(r + s − t) r + s + 1.
Thus
|L0 : F | 2w(L0/F )  w(L0/F ) + 1 r + s + 2.
We can now apply Lemma 2.4 with L ⊇ L0 ⊇ F , with elements a,b ∈ L, and with F -subspaces
A, B ⊆ L. Furthermore, we use the linear functional λ : L → L0 given by λ = trL/L0 . We conclude
that there exists an element y ∈ L• such that λ(ay) /∈ λ(Ay), λ(by−1) /∈ λ(B y−1), and dimF λ(Ay) <
dimF A.
Finally, observe that μ = λ◦η = trL/L0 ◦ trE/L = trE/L0 . Furthermore, since y ∈ L and η is an L-linear
functional, we have
μ(axy) = λ(η(axy))= λ(η(ax)y)= λ(ay).
Similarly, μ(Axy) = λ(Ay), μ(bx−1 y−1) = λ(by−1), and μ(Bx−1 y−1) = λ(B y−1). Thus, since
dimF λ(Ay) < dimF A and dimF λ(B y−1) dimF B , we conclude that
dimF μ(Axy) + dimF μ
(
Bx−1 y−1
)
< dimF A + dimF B  r + s − t.
The induction step now follows by taking L0 for the intermediate ﬁeld and by taking xy for the
element of E• . This completes the proof. 
In particular, taking t = r + s in the above result yields
Lemma 3.4. Let E ⊇ F be ﬁnite ﬁelds with E/F a square-free extension of width w(E/F ) (r + s + 1)2 , for
suitable integers r, s  0. Let a,b ∈ E and let A, B ⊆ E, where A and B are F -subspaces of E. Assume that
dimF A  r, dimF B  s, a /∈ A and b /∈ B. Then there exists an intermediate ﬁeld L and an element x ∈ E•
with
(i) w(E/L) (r + s + 1)(r + s).
(ii) trE/L(ax) = 0, and trE/L(Ax) = 0.
(iii) trE/L(bx−1) = 0, and trE/L(Bx−1) = 0.
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In this section, we let F denote a ﬁnite ﬁeld of characteristic p > 0, so that any ﬁnite-dimensional
F -vector space V is additively an elementary abelian p-group. In addition, we let K be a ﬁeld of
characteristic different from p, and we assume until further notice that K is algebraically closed or at
least that it contains a primitive pth root of unity ε. We begin with some basic facts and notation.
Lemma 4.1. Let V be a ﬁnite elementary abelian p-group and let G be a group of automorphisms of V .
(i) The group algebra K [V ] is semisimple. Indeed, it is a direct sum of |V | copies of K and every ideal is
uniquely an intersection of maximal ideals.
(ii) The maximal ideals of K [V ] are in one-to-one correspondence with the linear characters χ : V → K • . To
be precise, the ideal I(χ) corresponding to χ is the kernel of the natural algebra extensionχ : K [V ] → K .
(iii) G permutes the linear characters of V by deﬁning χ g(x) = χ(xg−1 ) for all g ∈ G and x ∈ V . This action
corresponds to the permutation action of G on the maximal ideals of K [V ].
(iv) Every G-stable ideal of K [V ] is uniquely an intersection of the maximal G-stable ideals of K [V ]. The latter
are precisely the intersections of G-orbits of maximal ideals of K [V ].
(v) χ g = χ if and only if x−1xg−1 ∈ kerχ for all x ∈ V .
Now suppose V = V1 ⊕ V2 and that G = F • acts as the torus on V . If g ∈ G = F • ﬁxes a charac-
ter χ of V , then by (v) above, we have
kerχ ⊇ V1(g − 1) ⊕ V2
(
g−1 − 1),
in additive notation. In particular, if g = 1, then kerχ ⊇ V and we conclude that χ is the trivial
(i.e. principal) character of V . In other words, G permutes all the nontrivial characters of V in orbits
of full size |G|. The following is [5, Lemma 3.2].
Lemma 4.2. Let F be a ﬁnite ﬁeld with |F | = q and let G = F • act as the torus on V = V1 ⊕ V2 , where both
V1 and V2 are 1-dimensional.
(i) K [V1] has precisely two maximal G-stable ideals, namely ω(V1; V1) and one other which we denote
by J1 . They satisfy ω(V1; V1) ∩ J1 = 0.
(ii) K [V2] has precisely two maximal G-stable ideals, namely ω(V2; V2) and one other which we denote
by J2 . They satisfy ω(V2; V2) ∩ J2 = 0.
(iii) There are q + 2 maximal G-stable ideals of K [V ]. One is ω(V ; V ), and two others J1 and J2 satisfy
J1 ∩ ω(V ; V ) = ω(V1; V ) and J2 ∩ ω(V ; V ) = ω(V2; V ). For convenience, J1 and J2 are said to be
quasi-augmentation ideals, while the remaining q − 1 maximal G-stable ideals different from ω(V ; V )
are said to be standard.
We now extend the above to arbitrary ﬁnite-dimensional vector spaces. Again parts (i) and (ii)
handle the case when only one direct summand occurs, and these results are not really new; indeed,
they are contained in the proof of [6, Lemma 2.1]. As with the preceding lemma, this result tells
us what to expect and it allows us to introduce some notation, but it does not give us a precise
description of the maximal ideals, and hence it will not be used in the proof of our main theorem.
Lemma 4.3. Let F be a ﬁnite ﬁeld with |F | = q and let G = F • act as the torus on V = V1 ⊕ V2 , where both
V1 and V2 are nonzero ﬁnite-dimensional F -vector spaces.
(i) Any G-stable ideal of K [V1] contained in ω(V1; V1) is an intersection of augmentation ideals ω(A; V1),
where A is an F -subspace of V1 of codimension at most 1.
(ii) Any G-stable ideal of K [V2] contained in ω(V2; V2) is an intersection of augmentation ideals ω(B; V2),
where B is an F -subspace of V2 of codimension at most 1.
370 D.S. Passman / Journal of Algebra 331 (2011) 362–377(iii) Any G-stable ideal of K [V ] contained in ω(V ; V ) is an intersection of the following three types of ideals:
(1) J = ω(A ⊕ V2; V ), where A is a subspace of V1 of codimension at most 1; (2) J = ω(V1 ⊕ B; V ),
where B is a subspace of V2 of codimension at most 1; and (3) J ⊇ ω(A ⊕ B; V ), where A is a subspace
of V1 of codimension 1, B is a subspace of V2 of codimension 1, and J/ω(A ⊕ B; V ) is a standard ideal
of K [(V1/A) ⊕ (V2/B)].
Proof. Since every G-stable ideal is an intersection of maximal G-stable ideals, it suﬃces to determine
the latter. If Λ = Λ(V ) denotes the set of nontrivial (i.e. nonprincipal) characters λ : V → K • , then
|Λ| = |V |−1 and we know that G permutes the members of Λ in orbits of full size |G| = q−1. Thus,
there are precisely s = (|V | − 1)/(q − 1) such G-orbits on Λ and hence there are precisely s maximal
G-stable ideals of K [V ] different from ω(V ; V ).
(i) Let |V1| = qn and, for convenience in this part, write V = V1 ⊕ 0. Then we know that there
are s = (qn − 1)/(q − 1) maximal G-stable ideals of K [V ] different from ω(V ; V ), and observe that
s is precisely the number of subspaces of V of codimension 1. If these subspaces are A1, A2, . . . , As ,
then by part (i) of the preceding lemma, K [V /Ai] has precisely two maximal G-stable ideals, namely
ω(V /Ai; V /Ai) and a second one which we denote by J i . Furthermore, ω(V /Ai; V /Ai) ∩ J i = 0. Lift-
ing these to ideals of K [V ], we obtain two maximal G-stable ideals of K [V ], namely ω(V ; V ) and J i
with ω(V ; V ) ∩ J i = ω(Ai; V ).
Since J i determines Ai , the s ideals J1, J2, . . . , J s are distinct, and hence these, along with
ω(V ; V ), are all the maximal G-stable ideals of K [V ]. Finally, if I is any G-stable ideal of K [V ]
contained in ω(V ; V ), then
I = I ∩ ω(V ; V ) =
⋂
i∈T
ω(V ; V ) ∩ J i =
⋂
i∈T
ω(Ai; V ),
where T is a suitable subset of the index set {1,2, . . . , s}. Thus (i) is proved and (ii) follows similarly.
(iii) Let |V1| = qn and |V2| = qm so that |V | = |V1 ⊕ V2| = qn+m . Then we know that there are
precisely s = (qn+m − 1)/(q − 1) maximal G-stable ideals of K [V ] different from ω(V ; V ). Now there
are (qn − 1)/(q− 1) subspaces of V of the form A ⊕ V2, where A has codimension 1 in V1. As above,
each of these subspaces gives rise to a unique maximal G-stable ideal J1 of K [V ] with ω(V ; V )∩ J1 =
ω(A ⊕ V2; V ). Similarly, there are (qm − 1)/(q − 1) subspaces of V of the form V1 ⊕ B , where B has
codimension 1 in V2. Again, each of these gives rise to a unique maximal G-stable ideal J2 with
ω(V ; V ) ∩ J2 = ω(V1 ⊕ B; V ). Along with ω(V ; V ), we have therefore accounted for
1+ q
n − 1
q − 1 +
qm − 1
q − 1
maximal G-stable ideals of K [V ] and there remain
t = q
n+m − 1
q − 1 −
qn − 1
q − 1 −
qm − 1
q − 1 =
qn − 1
q − 1 ·
qm − 1
q − 1 ·(q − 1)
ideals that must be described.
Now there are precisely
qn − 1
q − 1 ·
qm − 1
q − 1
subspaces of V of the form A ⊕ B , where A has codimension 1 in V1 and B has codimension 1 in
V2. By part (iii) of the preceding lemma, K [(V1/A) ⊕ (V2/B)] has q − 1 standard maximal G-stable
ideals, and lifting these to K [V ] = K [V1 ⊕ V2], we obtain potentially
t = q
n − 1 ·q
m − 1 ·(q − 1)
q − 1 q − 1
D.S. Passman / Journal of Algebra 331 (2011) 362–377 371new maximal G-stable ideals of K [V ]. For this count to be exact, we must check that none of these
ideals appears among the J1 and J2 ideals mentioned above, and that each of these t possible ideals
is distinct.
To this end, we use the fact that if I is an ideal of K [V ] with I ⊇ ω(X; V ) and I ⊇ ω(Y ; V ), then
I ⊇ ω(X; V ) + ω(Y ; V ) = ω(Z; V ) where Z = X + Y . For example, suppose I is one of the standard
ideals above with I ⊇ ω(A ⊕ B; V ) and suppose that I is also one of the J1 or J2 ideals, say I ⊇
ω(A′ ⊕ V2; V ). Since A′ ⊕ V2 is a maximal subspace of V and since I does not contain ω(V ; V ), it
follows that A′ ⊕ V2 ⊇ A ⊕ B and hence A′ = A. But then I corresponds to both a quasi-augmentation
and a standard ideal of K [(V1/A) ⊕ (V2/B)], and this is a contradiction. Thus we see that all the
standard ideals above are new. It remains to show that they are all distinct. For this, suppose I is
a standard ideal with I ⊇ ω(A ⊕ B; V ) and also I ⊇ ω(A′ ⊕ B ′; V ). Then I ⊇ ω(A ⊕ B; V ) where
A = A + A′ and B = B + B ′ . But, as we have seen, we cannot have A = V1 or B = V2. Thus, A = A′
and B = B ′ , so we conclude that there is no overlap in the count for t . In particular, we have now
accounted for all the maximal G-stable ideals of K [V ], and the result clearly follows. 
To reiterate, there are three types of maximal G-stable ideals of K [V ] in the above context. First,
we have ω(V ; V ). Next, we have the quasi-augmentation ideals J . These contain a unique augmen-
tation ideal ω(W ; V ), where W is a G-stable subspace of V of codimension 1 and J ∩ ω(V ; V ) =
ω(W ; V ). In this case, we say that ω(W ; V ) is the augmentation ideal covered by J . Finally, we have
the standard ideals S . These contain a unique augmentation ideal ω(W ; V ), where W is a G-stable
subspace of V of codimension 2, but they do not contain ω(W ′; V ) with W ′ of codimension 1 in V .
Again, in this case, we say that ω(W ; V ) is the augmentation ideal covered by S .
Another consequence of Lemma 4.1 is the almost obvious
Lemma 4.4. Let V ⊇ W be ﬁnite elementary abelian p-groups and let I be an ideal of K [V ].
(i) Let χ : V → K • be a character of V corresponding to a maximal ideal that contains I . Then the ideal
corresponding to the restricted character χW : W → K • contains I ∩ K [W ].
(ii) Conversely, let θ : W → K • be a character of W whose corresponding ideal contains I∩ K [W ]. Then there
exists a character χ : V → K • with χW = θ and with the ideal corresponding to χ containing I .
Proof. Again, we use I(χ) to denote the ideal of K [V ] corresponding to χ . Then certainly I(χ) ∩
K [W ] = I(χW ) is the ideal of K [W ] corresponding to the restriction χW . Now let I be an ideal
of K [V ] and let S denote the set of characters χ of V with I(χ) ⊇ I . Then I =⋂χ∈S I(χ) so
I ∩ K [W ] =
⋂
χ∈S
I(χ) ∩ K [W ] =
⋂
χ∈S
I(χW ),
and (i) follows. Conversely, if I(θ) contains I ∩ K [W ], then the uniqueness aspect of Lemma 4.1(i)
implies that θ = χW for some χ ∈ S . 
5. G-stable ideals
Let F denote the algebraic closure of the prime ﬁeld GF(p) or perhaps just a wide subﬁeld of the
algebraic closure. In this section, we study the torus action of F• on Fn , the vector space of n-tuples.
This space has a natural basis κ1, κ2, . . . , κn and, if F is a subﬁeld of F, then κ1F +κ2F +· · ·+κn F = Fn
is contained naturally in Fn . Now suppose we change the F -basis of Fn to ν1, ν2, . . . , νn . Then we
obtain a new basis for Fn and indeed, if E is an intermediate ﬁeld with F ⊇ E ⊇ F , then En is the
same space whether viewed in the original basis or this new one. On the other hand, if F ⊇ E but
E  F , then the E-space En may have changed dramatically in this process, and so these ﬁelds must
be avoided. In other words, if we make a basis change in Fn , then we can only safely consider the
subﬁelds E of F that contain F , but no others.
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ideals of K [V ], but it does not really give us a good description of them. So we take a closer look at
the action of G = F • on V = Fn and on K [V ]. As we see below, an appropriate basis change allows
us to better understand the maximal G-stable ideals.
Example 5.1. Let F be a ﬁnite ﬁeld and let V = V1 ⊕ V2 = F r+1 ⊕ F s+1 = Fn , where dimF V1 =
r + 1  1, dimF V2 = s + 1  1 and dimF V = r + s + 2 = n. For convenience, we let a and x denote
the (r + 1)-tuples (a0,a1, . . . ,ar) and (x0, x1, . . . , xr) respectively, while b and y denote the (s + 1)-
tuples (b0,b1, . . . ,bs) and (y0, y1, . . . , ys) respectively. Then the torus action of F • on Fn is given
by (x,y)g = (xg−1,yg) for all x ∈ F r+1, y ∈ F s+1 and g ∈ F • . Of course, F • also acts on the group
algebra K [Fn] and our goal here is to describe the maximal F •-stable ideals of K [Fn]. At this point,
we assume that char F = p > 0, char K = p and that K contains ε, a primitive pth root of unity.
Let GF(p) denote the prime subﬁeld of F and let μ : F → GF(p) be a nonzero GF(p)-linear func-
tional. Then, by Lemma 2.1, all linear functionals from F to GF(p) are of the form μa : F → GF(p),
where a ∈ F and μa(x) = μ(ax). Hence all characters χ : F → K • are given by χa(x) = εμa(x) = εμ(ax) .
Furthermore, since the characters from Fn to K • are necessarily products, they are all of the form
χa,b(x,y) = ε
∑
i μ(aixi)+
∑
j μ(b j y j)
= εμ(
∑
i ai xi+
∑
j b j y j) = εμ(a·x+b·y),
where we use · to denote the usual dot product. These characters in turn extend naturally to the
K -algebra homomorphisms χa,b : K [Fn] → K and their kernels Ia,b = kerχa,b = I(χa,b) are precisely
the set of maximal ideals of K [Fn].
Now F • permutes these characters by
χ
g
a,b(x,y) = χa,b
(
(x,y)g
−1)= χa,b(gx, g−1y)
= εμ(a·gx+b·g−1y) = χag,bg−1(x,y)
for all g ∈ F • , and hence we have I ga,b = Iag,bg−1 . With this, it is easy to describe the F •-orbits of
these ideals, but we will state the precise result only for certain special cases.
If a = b = 0, then χ0,0 is certainly the trivial character of V = Fn and hence I0,0 is the augmenta-
tion ideal ω(V ; V ). Next, suppose just one of a or b is 0, say b= 0. Notice that the map x → x·a is a
nonzero linear functional on V1, and let W1 be the kernel of this map. Then W1 is a subspace of V1
of codimension 1, and W1 ⊕ V2 is a subspace of V = V1 ⊕ V2 of codimension 1. Furthermore, if we
change the basis of V1 so that it ends with a basis for W1, then the character χa,0 now looks like
χa,0(x,y) = εμ(a0x0)
with 0 = a0 ∈ F . It is clear that the F •-orbit of χa,0 consists of the characters of the form x → εμ(ax0)
for all 0 = a ∈ F . Certainly, the intersection of the maximal ideals corresponding to the members of
this orbit is a quasi-augmentation ideal that covers ω(W1 ⊕ V2; V ). Of course, a similar structure
holds if a= 0 and b = 0.
Finally, the generic or standard case occurs when a and b are both not zero. Here we let W1 be
the kernel of the functional V1 → F given by x → a·x, and we let W2 be the kernel of the functional
V2 → F given by y → b·y. Then W1 and W2 are subspaces of codimension 1 in V1 and V2, respec-
tively, so W1 ⊕ W2 has codimension 2 in V1 ⊕ V2 = V . Furthermore, if we change the bases of V1
and V2 so that they end with bases for W1 and W2, respectively, then the character χa,b now looks
like
χa,b(x,y) = εμ(a0x0+b0 y0)
D.S. Passman / Journal of Algebra 331 (2011) 362–377 373with 0 = a0,b0 ∈ F . It is clear that the F •-orbit of χa,b consists of the characters of the form x →
εμ(a0 gx0+b0g−1 y0) for all g ∈ F • . Certainly, the intersection of the maximal ideals corresponding to
the members of this orbit is a standard ideal that covers ω(W1 ⊕ W2; V ). In addition, it is clear that
ω(W1⊕W2; V ) is the intersection of the |F |2 maximal ideals of K [V ] corresponding to the characters
(x,y) → εμ(ax0+by0) for all a,b ∈ F .
In view of Lemma 4.4, it is appropriate to see how the characters described above restrict to
subﬁelds. We do this in the special case where the functionals are built from Galois traces, but the
observation is true more generally.
Lemma 5.2. Let F ⊆ L ⊆ E be ﬁnite subﬁelds of F and ﬁx a nonzero linear functional μ : F → GF(p). Then we
have nonzero linear functionals λ : E → GF(p) and η : L → GF(p) deﬁned by λ = μ◦ trE/F and η = μ◦ trL/F .
If χa,b is a character of En = Er+1 ⊕ Es+1 given by
χa,b(x,y) = ελ(a·x+b·y),
then the restriction χ˜ of χa,b to Ln is given by
χ˜ (x,y) = εη(a˜·x+b˜·y) = χ˜a˜,b˜(x,y),
where a˜ = trE/L(a) and b˜ = trE/L(b). Furthermore, if p does not divide |E : F |, then this applies equally well
when the trace is replaced by the normalized trace.
Proof. Since trE/F = trL/F ◦ trE/L , it follows that λ = η ◦ trE/L . In particular, since trE/L is an L-linear
functional, we see that if x ∈ Lr+1 and y ∈ Ls+1, then
λ(a·x+ b·y) = η(trE/L(a·x+ b·y))= η(trE/L(a)·x+ trE/L(b)·y)
= η(a˜·x+ b˜·y).
Here of course trE/L acts on a and b by acting on each entry. 
Our goal now is to obtain an appropriate analog of [5, Lemma 3.4]. As will be apparent, the proof
ﬁrst reduces the general problem to the 2-dimensional case where [5, Lemma 3.4] should apply.
Unfortunately, the latter lemma is not stated in a way that can be directly quoted here. So, we are
forced to skim through its argument, to see that it yields what we want.
Lemma 5.3. Let F• act as the torus on Fr+1 ⊕Fs+1 = Fn and let I be an F•-stable ideal of K [Fn]. Suppose F is a
ﬁnite subﬁeld of F and let S be a standard maximal F •-stable ideal of K [Fn] that contains I∩ K [Fn]. If S covers
the augmentation ideal ω(W1 ⊕W2; V ), where V = Fn = F r+1 ⊕ F s+1 , then ω(W1 ⊕W2; V ) ⊇ I ∩ K [Fn].
Proof. Since F is a wide subﬁeld of the algebraically closure of GF(p), we can ﬁnd a ﬁnite extension
E of F , with E ⊆ F, and such that E/F is square-free of width
w(E/F ) n2 + 2|F |2.
Furthermore, we can assume that p does not divide |E : F |. Fix μ : F → GF(p), a GF(p)-linear func-
tional with μ(1) = 1. In addition, for each intermediate ﬁeld L with E ⊇ L ⊇ F , let λL : L → GF(p) be
the composite λL = μ ◦ trL/F . Using these functionals, we can describe each group algebra K [Ln] as in
Example 5.1.
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character in the F •-orbit that deﬁnes S is of the form
χa′,b′(x,y) = εμ(a′0x0+b′0 y0)
with 0 = a′0,b′0 ∈ F . Our goal is to show that for all a′,b′ ∈ F , the ideal associated with the character
(x,y) → εμ(a′x0+b′ y0)
contains I ∩ K [Fn]. If we succeed, then the result will follow since Example 5.1 implies that all these
associated ideals intersect to ω(W1 ⊕ W2; V ).
By Lemma 4.4, there exists a character χ of En so that I(χ) ⊇ I ∩ K [En] and χ restricted to Fn is
χa′,b′ . Say
χ(x,y) = χa,b(x,y) = ελE (a·x+b·y),
where a= (a0,a1, . . . ,ar) ∈ Er+1 and b= (b0,b1, . . . ,bs) ∈ Es+1. Since χ restricts to χa′,b′ , Lemma 5.2
implies that trE/F (a0) = a′0 = 0, trE/F (ai) = 0 for 1  i  r, trE/F (b0) = b′0 = 0, and trE/F (b j) = 0 for
1 j  s.
Now let A = Fa1 + Fa2 +· · ·+ Far and B = Fb1 + Fb2 +· · ·+ Fbr so that A and B are F -subspaces
of E with trE/F (A) = trE/F (B) = 0, dimF A  r and dimF B  s. Clearly, a0 /∈ A, b0 /∈ B and w(E/F )
n2 > (r + s + 1)2. Lemma 3.4 now implies that there exists an intermediate ﬁeld E , with w(E/E) 
(r + s + 1)(r + s), and an element g ∈ E• such that trE/E(a0g) = a = 0, trE/E(b0g−1) = b = 0, and
trE/E(Ag) = trE/E (Bg−1) = 0. In particular, by Lemma 5.2, the restriction of χ g to En satisﬁes
χ˜ (x,y) = ελE (ax0+by0).
Note that I ∩ K [En] is E•-stable, so the ideal corresponding to χ g also contains I ∩ K [En]. Conse-
quently, the ideal of K [En] corresponding to the character χ˜ contains I ∩ K [En]. On the other hand,
there is no reason to believe that the restriction of χ˜ to Fn is in the F •-orbit of χa′,b′ .
At this point, we have essentially reduced the problem to the 2-dimensional case, since the char-
acters depend only upon x0 and y0. We now follow the argument of [5, Lemma 3.4]. Since w(E/F )
n2 + 2|F |2 and w(E/E)  (r + s + 1)(r + s) = (n − 1)(n − 2), it is clear that w(E/F )  2 + 2|F |2. In
particular, we can choose an intermediate ﬁeld L with E ⊇ L ⊇ F , w(E/L) = 2 and w(L/F )  2|F |2.
Thus |E : L| 3 and |L : F | 2w(L/F )  w(L/F ) + 1 2|F |2 + 1.
Let us write χ˜ (x,y) = εηE (ax0+bx0) as χ˜a,b(x,y). Then I(χ˜a,b) ⊇ I ∩ K [En] and the latter ideal is
E•-stable. Thus, for all z ∈ E• , we see that the ideal associated with χ˜ za,b = χ˜az,bz−1 also contains
I ∩ K [En]. In particular, if we replace z by bz−1, then we see that the E•-orbit of χ˜a,b consists of all
χ˜sz−1,z , where s = ab = 0. Of course, all the ideals associated with these characters contain I ∩ K [En].
Now deﬁne
H = {trE/L(sz−1) ∣∣ z ∈ E, trE/L(z) = 1}.
Since s = 0 and |E : L|  3, [5, Lemma 2.2] implies that 0 ∈ H and |H|  √|L|/2. Furthermore, by
Lemma 5.2, the restriction of any χ˜sz−1,z to L
n is of the form
χ ′u,v(x,y) = εηL(ux0+vy0),
where u = trE/L(sz−1) and v = trE/L(z). In particular, by limiting our considerations to those z with
trE/L(z) = 1, we obtain restricted characters of the form χ ′h,1(x,y) for all h ∈ H . Of course, the ideal
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a reasonably large number of L•-orbits in this restriction, but not enough to ﬁnish the problem.
So, we require a second pass, this time from L to F . Write |F | = q, |L : F | =  and m = q2 = |F |2.
Then  = |L : F |  2|F |2 + 1 = 2m + 1, so |L|/2  q2m+1/2  q2m , and hence |H|  √|L|/2  qm . It
follows that the F -linear span of the elements of H has F -dimension at least m, and hence we can
choose h1,h2, . . . ,hm ∈ H so that M = {h1,h2, . . . ,hm} is an F -linearly independent subset of L of size
m. Since m = q2, it now follows from [5, Lemma 2.3] that
Non(M) = {τ : L → F ∣∣ τ (M) < F}
has size strictly less than q−1. Here, of course, each such τ is an F -linear functional, and “Non” is an
abbreviation for “not onto”.
On the other hand, note that C = {c ∈ L | trL/F (c) = 1} is a coset of the kernel of trL/F and hence
has size q−1. Thus, since 0 /∈ C , this set gives rise to precisely q−1 distinct F -linear functionals τ :
L → F by taking τ (x) = (trL/F )c−1 (x) = trL/F (c−1x) for all c ∈ C . But |Non(M)| < q−1, so there exists
d ∈ C with trL/F (d−1M) = F and hence with trL/F (d−1H) = F . Of course, d ∈ C says that trL/F (d) = 1.
Now, we know that I˜ = I ∩ K [Ln] is an L•-stable ideal of K [Ln] that is contained in the maximal
L•-stable ideals corresponding to at least the characters χ˜h,1 with h ∈ H . Thus I˜ is contained in the
kernel of the algebra homomorphisms corresponding to the characters
χ˜hd−1,d(x,y) = ελL(hd
−1x0+dy0)
for all h ∈ H . Again, since trL/F (d) = 1, Lemma 5.2 implies that the restrictions of these characters to
Fn are all of the form
χ(x,y) = εμ(tx0+y0) = χt,1(x,y),
where t = trL/F (hd−1). Indeed, since trL/F (Hd−1) = F , and I ∩ K [Fn] is F •-stable, we conclude that
I ∩ K [Fn] is contained in the ideals associated to χ ft,1 = χt f , f −1 for all t ∈ F and f ∈ F • . In particular,
the ideals associated with all characters of the form (x,y) → εμ(a′x0+b′ y0) with a′ ∈ F and 0 = b′ ∈ F
contain I∩ K [Fn]. But this situation is really right–left symmetric, so all ideals associated to characters
of the form (x,y) → εμ(a′x0+b′ y0) with 0 = a′ ∈ F and b′ ∈ F also contain I ∩ K [Fn].
This leaves only the trivial character (x,y) → 1. For this, note that 0 ∈ H , so that I ∩ K [Ln] is
contained in the ideal associated with the character χ ′0,1 and hence with any character of the form
χ ′0, j with 0 = j ∈ L. But then we can surely take j in the kernel of trL/F and hence this character
restricts to the trivial character of Fn . With this, we conclude that the ideals associated with all
characters of the form (x,y) → εμ(a′x0+b′ y0) with a′,b′ ∈ F contain I ∩ K [Fn] and hence we have
ω(W1 ⊕ W2; V ) ⊇ I ∩ K [Fn], as required. 
We could certainly prove an analogous result for the quasi-augmentation ideals, but it is not dif-
ﬁcult to avoid that additional unpleasantness. Indeed, we can now prove the following reformulation
of the main theorem, using slightly different notation.
Proposition 5.4. Let F be an inﬁnite locally-ﬁnite ﬁeld, let V1 and V2 be two ﬁnite-dimensional F-vector
spaces, and set V = V1 ⊕ V2 . If G = F• , then we can let G act as the torus on V , and hence G acts on the group
algebra K [V ]. Suppose, in addition, that char K = charF and that F is wide. Then every G-stable ideal of K [V ]
is uniquely a ﬁnite irredundant intersection of augmentation ideals ω(W1 ⊕ W2; V ) with W1 an F-subspace
of V1 and W2 an F-subspace of V2 . As a consequence, the set of G-stable ideals of K [V ] is Noetherian.
Proof. Let charF = p > 0, so that F is a wide subﬁeld of the algebraic closure of GF(p), and suppose
for now that the ﬁeld K contains a primitive pth root of 1. If either V1 or V2 is 0, then F• acts
on V as scalar multiplication, so the result follows from [6, Theorem A]. Thus, we can assume that
376 D.S. Passman / Journal of Algebra 331 (2011) 362–377dimF V1 = r+1 1 and dimF V2 = s+1 1, so V = Fn with n = r+ s+2. Of course, F is an ascending
union of a family F of ﬁnite subﬁelds, and using the natural basis for Fn , it is clear that the set
{(Fn, F •) | F ∈F}, is a local system for (V ,G) in the notation of [6, Section 1].
Let I be an F•-stable ideal of K [V ] and assume that I is contained in the augmentation ideal
ω(V ; V ). Then, for any F ∈F , I ∩ K [Fn] is an F •-stable ideal of K [Fn] contained in ω(Fn; Fn). Thus
I ∩ K [Fn] is a ﬁnite intersection ⋂ki=0 Mi of maximal F •-stable ideals of K [Fn] with M0 = ω(Fn; Fn).
For i = 0, let ω(Ui; Fn) be the augmentation ideal covered by Mi , so that Ui is a subspace of Fn of
codimension 1 or 2. Since Mi ⊇ ω(Ui; Fn), we have
I ∩ K [Fn]⊇ ω(Fn; Fn)∩
k⋂
i=1
ω
(
Ui; Fn
)
.
Now if Mi is a quasi-augmentation ideal, then ω(Ui; Fn) = Mi ∩ ω(Fn; Fn) ⊇ I ∩ K [Fn]. On the other
hand, if Mi is standard, then the previous lemma asserts that ω(Ui; Fn) ⊇ I . We conclude that
ω
(
Fn; Fn)∩
k⋂
i=1
ω
(
Ui; Fn
)⊇ I ∩ K [Fn]
and hence equality occurs.
[6, Lemma 1.2] now implies that I is an intersection (possibly inﬁnite) of augmentation ideals
corresponding to G-stable subgroups of V , and by Lemma 1.2, these subgroups are all of the form
W1 ⊕ W2, with W1 and F-subspace of V1 and with W2 and F-subspace of V2. Furthermore, since
dimF V < ∞, it follows that V has ﬁnite composition length as a G-module. Thus we can conclude
from [6, Lemma 1.6] that I is a ﬁnite intersection of augmentation ideals determined by G-stable
subgroups of V .
Next, we show that any G-stable ideal of K [V ] is contained in ω(V ; V ) and hence has the above
structure. To this end, observe from Lemma 1.2 that all G-sections of V are inﬁnite. Hence by [6,
Lemma 1.3], if A is any G-stable subgroup of V , then ω(A; V ) is a G-prime ideal of K [V ]. In particu-
lar, K [V ] itself is G-prime. Now let I be any G-stable ideal of K [V ] and set J = I·ω(V ; V ), so that J
is a G-stable ideal of K [V ] contained in ω(V ; V ). If J = ω(V ; V ), then I ⊇ J implies that I = ω(V ; V ).
Otherwise, by the result of the previous paragraph, J ⊆ ω(A; V ) for some G-stable subgroup A prop-
erly smaller than V . But ω(A; V ) is a G-prime ideal and I·ω(V ; V ) ⊆ ω(A; V ), so we conclude that
I ⊆ ω(A; V ) ⊆ ω(V ; V ), as required.
It remains to consider arbitrary ﬁelds K with char K = p. In this situation, we let K be an extension
of K that contains a primitive pth root of unity. If I is a G-stable ideal of K [V ], then K ·I is a G-stable
ideal of K [V ], and the freeness of K over K easily implies that (K ·I) ∩ K [V ] = I . Since K ·I is a ﬁnite
intersection of augmentation ideals ωK (A; V ) and since ωK (A; V ) ∩ K [V ] = ω(A; V ), we see that I is
also a ﬁnite intersection of augmentation ideals. This intersection can of course be made irredundant,
and then uniqueness follows from [6, Lemma 1.4]. Finally, the set of these ideals is Noetherian by [6,
Lemma 1.8]. 
6. Final comments
As we indicated earlier, it is not clear whether the wideness hypothesis is really required for
Theorem 1.1. There is a trick in [2, Lemma 3.7] which shows, for the scalar action of F • on V , that
the validity of results like [2, Theorem B] are inherited from large ﬁelds to arbitrary inﬁnite subﬁelds.
Unfortunately, however, one can “prove” that this argument will not apply to the torus action of F • .
Still, similar tricks of this nature might yet exist.
Finally, the author would like to thank Prof. J.M. Osterburg for interesting conversations on this
work.
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